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Abstract 
The magnetotelluric (MT) responses of the Earth are biased by spatially heterogeneous source fields. 
Recently, such biases have been reported even in mid-latitude areas, where localized source currents 
rarely flow. This study focuses on shifts in the MT responses arising from variations in the focus 
latitude of the solar quiet (Sq) current. The MT responses at 60 s were calculated by changing the 
center of the Sq current. Slight variations in the focus latitude cause large shifts in the apparent 
resistivity and phase. During periods of quiet geomagnetic activity, the center varies within a wide 
range of 20–45° N, whereas this range narrows when there are disruptions. Even though this study 
considers only a limited case, the results demonstrate the instability of the impedances in periods of 
quiet geomagnetic activity and a correlation of the MT responses with the magnitude of the 
geomagnetic activity. As a consequence, even when a station is located at mid-latitudes, the 
impedances need to be treated carefully for time-lapse MT soundings, for example, by checking the 
ionospheric current conditions and their dependence on the geomagnetic activity. 
 
Introduction 
 The magnetotelluric (MT) method is an electromagnetic (EM) exploration technique used 
to imagine subsurface resistivity structures. Electrical impedances are calculated from the measured 
EM fields, the origins of which are usually the ionospheric current. The targets of MT surveys are 
various, for example, buried active faults (Ichihara et al. 2019), volcanic areas (Hata et al. 2020), and 
deep structures such as the mantle (Evans et al. 2005; Matsuno et al. 2020). Time-lapse MT soundings 
have also been used to discuss temporal variations in subsurface resistivity structures, for example, 
around volcanic regions as potential geothermal energy sources (Aizawa et al. 2011; Hill et al. 2020). 
 In MT, the primary geomagnetic fields are assumed to be horizontally uniform. If this 
assumption does not hold because of, for example, localized source currents, MT responses such as 
the apparent resistivity can be biased (Pirjola 1992; Viljanen et al. 1999; Viljanen 2012; Sato 2020a, 
2020b and references therein). For example, Pirjola (1992) derived the biased apparent resistivities 
between 1 s and 100,000 s resulting from an electrojet with field-aligned currents. Meanwhile, Sato 
(2020a, 2020b) focused on the shifts in the MT responses stemming from changes in the distances, 
especially altitudes, between the sites and the source currents. These studies are motivated by the E 
layer controlling 85–90% of the electrical process during the daytime in the ionosphere, whereas the 
F layer controls 50% of this process at night (Maute and Richmond 2017). As a consequence, temporal 
shifts not caused by changes in the subsurface electrical environment may be detected. 
Recently, temporal/seasonal variations (Romano et al. 2014; Vargas and Ritter 2016; Sato et 
al. 2020) and biases (Murphy and Egbert 2018) in the MT responses, vertical geomagnetic transfer-
functions, and inter-station transfer functions resulting from the source field have been reported. 
Romano et al. (2014) reported a negative correlation between the geomagnetic activity and the 
apparent resistivities for time periods of 20–100 s. In addition, they showed that the MT responses 
become unstable when the magnitude of the geomagnetic activity (the Kp or Ap index) is small. In 
particular, for time-lapse MT soundings, the source-dependent bias within the impedances needs to be 
considered because we must prevent to misinterpret the shifts as being resulted from temporal changes 
in the subsurface electrical environment. 
On the basis of small site-to-site changes in the MT responses, subsurface resistivity 
structures can be discussed in detail. Several studies have estimated impedances from short-term 
measured data, which may be strongly biased by spatially heterogeneous source currents. For example, 
Ichihara et al. (2019) used MT data acquired over 2–6 days for inverse modeling. Therefore, we need 
to consider source-dependent biases within the MT responses even if the research target is not a time-
varying subsurface environment. 
Let us consider the case in which geomagnetic storms do not occur. When the solar activity 
is quiet or the K index is small, the focus latitude of solar quiet (Sq) currents varies within the range 
of 20–45° N (Yamazaki and Maute 2017). Conversely, when the solar/geomagnetic activity is 
disturbed, the focus latitude varies over a small range of approximately 26–38° N. Therefore, MT 
responses can shift depending on the K index as a result of changes in the distance between the sites 
and the source currents. 
This study first formulates the EM fields at the surface of the Earth arising from source 
currents that flow within a circle, which is assumed to be a model for the Sq current. Then, I calculate 
the biased MT responses arising from the Sq currents by varying their centers. Finally, the implications 
of the obtained results are discussed. 
 
EM fields at the surface of the Earth 
 We use the SI system and choose a spherical coordinate system, as presented in Figure 1, 
where the radius of the Earth is set to 𝑎, the y-axis corresponds to the North Pole, and the electric 
current is defined later. 
  
 Figure 1. Coordinate system used in this study. 𝐫 denotes a position vector. 
 
 Because we may ignore the displacement current in MT, Maxwell’s equations in the 
frequency domain are given by 
𝛁 ∙ 𝐁 = 0, (1) 
𝛁 ∙ 𝐄 = 0, (2) 
𝛁 × 𝐄 = −𝑖𝜔𝐁, (3) 
𝛁 × 𝐁 = 𝜇଴(𝜎𝐄 + 𝐉୭), (4) 
where 𝐁 , 𝐄 , and 𝐉୭  are the magnetic induction, electric field, and external source current, 
respectively, and 𝑖, 𝜔, 𝜇଴, and 𝜎 are the imaginary unit, angular frequency, magnetic permeability 
of free space, and electrical conductivity, respectively. Employing the vector potential 𝐀 and the 
scalar potential 𝛱, the EM fields are represented by 
𝐁 = 𝛁 × 𝐀, (5) 
𝐄 = −𝑖𝜔(𝐀 + 𝛁𝛱). (6) 
In MT, we apply a gauge transformation such that 
𝛁 ∙ 𝐀 = 0, (7) 
𝛱 = 0. (8) 
As a result, the Helmholtz equation for 𝐀 is 
−∆𝐀 + 𝑖𝜔𝜎𝜇଴𝐀 = 𝜇଴𝐉୭. (9) 
 Let us consider EM fields at or above the surface of the Earth (i.e., 𝑟 ≥ 𝑎). Then, 𝜎 may 
be set to zero and the equation for 𝐀 is given by 
−∆𝐀 = 𝜇଴𝐉୭. (10) 
For an external source, this study assumes a spherical-sector shell carrying an electric current 𝐼 (Fig. 
1); the current density is 
𝐉୭ = 𝐼𝛿(𝑟 − 𝑅)[𝐻(𝜃) − 𝐻(𝜃 − 𝜃௔)] ൭
0
0
1
൱, 
(11) 
where 𝛿  and 𝐻  denote the Dirac delta function and the Heaviside step function, respectively. 
Therefore, the center of the source current corresponds to the North Pole and the current flows 
counterclockwise at an altitude of 𝑅 > 𝑎 and within the colatitude range of 0 ≤ 𝜃 ≤ 𝜃௔. Note that 
the Sq current is not located near the North Pole; therefore, the coordinate system needs to be rotated, 
as described later. 
 Because the external source 𝐉୭ only has a 𝜑 -component, we need to solve the Laplace 
equation in the form 
∆𝐴ఝ = −𝜇଴𝐼𝛿(𝑟 − 𝑅)[𝐻(𝜃) − 𝐻(𝜃 − 𝜃௔)]. (12) 
with the Green’s function satisfying 
∆𝐺(𝒓 − 𝒓ᇱ) = ఋ(௥ି௥
ᇲ)ఋ(ఏିఏᇲ)ఋ(ఝିఝᇲ)
௥మ ୱ୧୬ ఏ
. 
(13) 
As shown in Arfken et al. (2012) and Sato (2020b), the solution of Eq. (13) is given by 
𝐺(𝒓 − 𝒓ᇱ) = − ଵ
ସగ
∑ ∑ (௡ି௠)!௉೙
೘(ୡ୭ୱ ఏ)௉೙೘(ୡ୭ୱ ఏᇲ)௘೔೘൫കషക
ᇲ൯
(௡ା௠)!
ቄ ௥
೙
(௥ᇲ)೙శభ
+ ௖೙
௥ᇲ೙శభ௥೙శభ
ቅ௡௠ୀି௡ஶ௡ୀ଴ , 
(14) 
where 𝑐௡ is a constant upholding the boundary condition at 𝑟 = 𝑎 and 𝑃௡௠ denotes the associated 
Legendre polynomials. As a result, 𝐴ఝ is given by 
𝐴ఝ = −𝜇଴𝐼 ∫ 𝑑𝜑ᇱ ∫ 𝑑𝜃ᇱ ∫ 𝑑𝑟ᇱ𝛿(𝑟ᇱ − 𝑅)[𝐻(𝜃ᇱ) − 𝐻(𝜃ᇱ − 𝜃௔)]𝐺(𝒓 − 𝒓ᇱ)𝑟ᇱ
ଶ sin 𝜃ᇱஶ௔
గ
଴
ଶగ
଴ , (15a) 
or 
𝐴ఝ =
ఓబூ
ସగ ∫ ∑ 𝑃௡
଴(cos 𝜃)𝑃௡଴(cos 𝜃ᇱ) sin 𝜃ᇱ ቄ
௥೙
ோ೙షభ
+ ௖೙
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ఏೌ
଴ . 
(15b) 
This ensures that 𝛁 ∙ 𝐀 = 0. 
 Assuming a structure inside the Earth (0 ≤ 𝑟 ≤ 𝑎) having a homogeneous conductivity 𝜎ଵ, 
we only need to solve 
∆𝐴ఝ − 𝑖𝜔𝜎𝜇଴𝐴ఝ = 0. (16) 
This equation can be solved as shown in Sato (2020b) 
𝐴ఝ = ∑ ∑ ൣ𝑑௠,௡𝑗௡(𝑘ଵ𝑟) + 𝑑௠,௡ᇱ 𝑦௡(𝑘ଵ𝑟)൧௡௠ୀି௡ஶ௡ୀ଴ 𝑒±௜௠ఝ𝑃௡௠(cos 𝜃), (17) 
where 𝑘ଵ = ඥ−𝑖𝜔𝜎ଵ𝜇଴ ; 𝑗௡ and 𝑦௡ denote the spherical Bessel function and spherical Neumann 
function, respectively; and 𝑑௠,௡  and 𝑑௠,௡ᇱ   are constants that satisfy the boundary condition. 
Because of its convergence at 𝑟 = 0 and 𝛁 ∙ 𝐀 = 0, Eq. (17) can be rewritten as 
𝐴ఝ = ∑ 𝑑௡𝑗௡(𝑘ଵ𝑟)𝑃௡଴(cos 𝜃)ஶ௡ୀ଴ . (18) 
 Enforcing the boundary condition, the EM fields at the surface of the Earth (i.e., 𝑟 = 𝑎) are 
given by 
𝐵ఏ = −
ఓబூ
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(19) 
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(20) 
Note that 𝑗ିଵ may not be defined; however, we can calculate the rate of 
௝೙(௞భ௔)
௝೙షభ(௞௔)
 as 
௝೙(௞భ௔)
௝೙షభ(௞భ௔)
= ௃೙శభ/మ
(௞భ௔)
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. 
(21) 
The apparent resistivity and phase are defined as 
𝜌 = ఓబ
ఠ
ቚாക
஻ഇ
ቚ
ଶ
, 
(22) 
and 
𝜙 = arg ቀாക
஻ഇ
ቁ, 
(23) 
respectively. For simplicity, this study expresses lengths (m) and angles (rad) using units of “km” and 
“degrees,” respectively. 
 
Bias within MT responses due to the Sq current 
 This study assumes two mid-latitude sites (35° N and 40° N). The focus latitude 𝜃ଵ of the 
Sq current is varied in the range of 20–45° N in increments of 1° N. The longitude difference 𝜑ଵ 
between the sites and the source at the moment the electric current flows within the circle is changed 
from 1° N to 9° N in increments of 1° N. As a result, by rotating the coordinate system so that the 
center of the source corresponds to the y-axis, as shown in Figure 1, we vary only 𝜃 in Eqs. (19) and 
(20). This study defines 𝜃ଵ and 𝜑ଵ as the focus latitude and the longitude difference, respectively. 
 The radius of the Earth 𝑎 and the altitude of the source 𝑅 are set to 6,400 km and 6,500 
km (i.e., the E layer), respectively. The time period is set to 60 s, at which Romano et al. (2014) have 
shown biased responses from real data. This study uses 0.001 S/m for the conductivity of the Earth 
(i.e., 1000 ohm-m). As reported in Fig. 49 in Yamazaki and Maute (2017), the electric currents are 
large, especially within 10–15° from the center (more than approximately 100 kA), and are moderate 
within 15–20° (approximately 50 kA). Because these ranges and values are not always constant, this 
study considers only a simple case and varies 𝜃௔ from 10° to 20° in increments of 2.5°. When 
deriving the EM fields at the surface of the Earth (Eqs. (19) and (20)), I use the discrete approximation 
for the integrals ∫ 𝑃௡଴(cos 𝜃ᇱ) sin 𝜃ᇱ 𝑑𝜃ᇱ
ఏೌ
଴  and calculate the summations up to 𝑛 = 1000, with the 
convergence of each summation being verified. The apparent resistivity and phase are derived 
following Eqs. (22) and (23), respectively. 
 The results of the biased MT responses for sites at 35° N and 40° N are presented in Figures 
2 and 3, respectively. Both results show that the apparent resistivity and phase deviate greatly from 
their original values (i.e., 1000 ohm-m and 45°, respectively) if the circumference carrying the currents 
is near the site, for example, see the results at 40° N obtained from (𝜃௔, 𝜃ଵ, 𝜑ଵ) = (10,1,30). 
  
 Figure 2. Biased MT responses for a site at 35° N: (a) apparent resistivity and (b) phase. The vertical 
and horizontal axes denote 𝜃ଵ and 𝜑ଵ as defined in the text, respectively. 
 
 
Figure 3. Same as Figure 2 but for a site at 40° N. 
 
Discussion 
 Here, this study discusses the appropriateness/limitations of the model and the implications 
of the numerical results (Figs. 2 and 3). 
 This study employed an electric current flowing within a circle. The equation in the time 
domain is given by 
𝐉୭ = 𝐼௧𝛿(𝑟 − 𝑅)[𝐻(𝜃) − 𝐻(𝜃 − 𝜃௔)][𝐻(𝑡 − 𝑡ଵ) − 𝐻(𝑡 − 𝑡ଶ)] ൭
0
0
1
൱, 
(24) 
where 𝑡ଵ < 𝑡ଶ because MT surveys are possible even when geomagnetic storms do not occur. The 
current only flows between 𝑡ଵ and 𝑡ଶ. Note that 
𝐼௧ ∫ 𝑒ି௜ఠ௧𝑑𝑡
௧మ
௧భ
= 𝐼, 
(25) 
where 𝐼 is the electric current in Eq. (11). The critical feature of this assumption is that the distance 
between the source and the sites does not change over time. When estimating the impedances from the 
EM data, we transformed the time-series data into time-dependent spectra (i.e., into the time–
frequency domain) using a short-time Fourier transform (FT), which is a sequence of FTs of tapered 
time-series data. To derive the spectra at 60 s, we set the FT length to approximately 600 s, within 
which the temporal shifts in the focus longitude resulting from the rotation of the Earth are 
approximately 2.5°. Even though the model errors arising from the time-varying focus longitude 
should be considered, we neglect them here because the numerical simulations (Figs. 2 and 3) are not 
primarily controlled by 𝜑ଵ but rather are primarily controlled by 𝜃ଵ. As a result, the model for the 
EM fields at 60 s is considered acceptable. However, if calculating the biased MT responses for a very 
long period, we would need to consider the fact that the focus longitude shifts significantly over the 
FT length. 
 Let us consider the site at 40° N, which was assumed for the MT station in Romano et al. 
(2014). We set 𝜃௔ to 15° because electric currents of approximately 100 kA flow within the modeled 
range (Yamazaki and Maute 2017). When the geomagnetic activity is disturbed (i.e., when the K or 
Ap index is large), the focus latitude of the Sq current varies in the range of 26–38° N (Yamazaki and 
Maute 2017). On the basis of Figure 3, the apparent resistivities and phases appear more downward 
and upward biased, respectively, than upward and downward biased. When the geomagnetic activity 
is quiet, the center changes from 20° N to 45° N. The apparent resistivities are not only downward but 
upward biased, and the phases are not only upward but downward biased. As a result, the apparent 
resistivities may have a negative correlation with the K index. Even though this interpretation is 
limited to the case of substituting 15° into 𝜃௔, it is possible to explain the phenomena of unstable MT 
responses and the negative correlation of the apparent resistivities with the geomagnetic activity 
reported by Romano et al. (2014). 
 Supposing that the MT station is located at 35° N, which corresponds to the central area of 
Japan, when the geomagnetic activity is disturbed (26° ≤ 𝜃ଵ ≤ 38°), the apparent resistivity is not 
greatly biased by the Sq current. However, quiet geomagnetic activity can yield shifts in the apparent 
resistivity and phase from the original values if 𝜃௔ < 17.5° . Consequently, the MT responses 
estimated from the data measured when the K index is small may result in incorrect interpretations 
regarding subsurface resistivity structures. 
 When estimating impedances from long time-series data (i.e., many spectra), the source-
dependent bias may be neglected because the EM fields arising from the Sq current are averaged. 
Moreover, if geomagnetic storms occur, the MT responses indicate their true values because of the 
ring currents above the equator (Sato 2020b). However, even if a station is located at mid-latitudes, in 
the case of time-lapse MT soundings, especially in a resistive zone, the Sq current effect needs to be 
considered. For example, we need to check for correlations of the MT responses with the K index and 
whether the apparent resistivity and phase become unstable when the K index is small. Moreover, even 
though it might be inconvenient, it is better to only analyze data measured when the geomagnetic 
activity is disturbed. 
 
Summary 
This study focused on biases within the MT responses arising from the Sq current. The 
numerical simulations indicated that slight variations in the focus latitude cause shifts in the apparent 
resistivity and phase from their original values. Because the center of the Sq current varies within a 
range of 20–45° N (small K index) or 26–38° N (large K index), impedances derived from real data 
may be biased. Even though this study was limited to a specific and simple case, we can explain the 
phenomena reported in a preceding study, e.g., unstable MT responses due to a small K index and the 
negative correlation of the apparent resistivities with the geomagnetic activity. As a consequence, even 
when a station is located at mid-latitudes, we need to consider the biases stemming from the Sq current 
to interpret time-varying MT responses within resistive areas. These temporal changes need to be 
treated carefully, for example, by checking the Sq current conditions, the correlation of the impedances 
with the geomagnetic activity, and whether the MT responses vary with small K indexes. In addition, 
even though it might be unrealistic, only data measured during large K index periods are suitable for 
time-lapse MT soundings. 
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